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The paper presents a three-dimensional path-following control algorithm that expands the capabilities of
conventional autopilots, which are normally designed to provide only guidance loops for waypoint navigation.
Implementation of this algorithm broadens the range of possible applications of small unmanned aerial vehicles. The
solution proposed takes explicit advantage of the fact that normally these vehicles are equipped with autopilots
stabilizing the vehicles and providing angular-rate tracking capabilities. Therefore, the overall closed-loop system
exhibits naturally an inner—outer (dynamics—kinematics) control loop structure. The outer-loop path-following
control law developed relies on a nonlinear control strategy derived at the kinematic level, while the inner-loop
consisting of the autopilot together with an £, adaptive augmentation loop is designed to meet strict performance
requirements in the presence of unmanned aerial vehicle modeling uncertainty and environmental disturbances. A
rigorous proof of stability and performance of the path-following closed-loop system, including the dynamics of the
unmanned aerial vehicle with its autopilot, is given. The paper bridges the gap between theory and practice and
includes results of extensive flight tests performed in Camp Roberts, California, which demonstrate the benefits of the

framework adopted for the control system design.

I. Introduction

NMANNED aerial vehicles (UAVs) play an increasingly

important role in a large number of civilian and military
missions. Examples include military reconnaissance and strike
operations, border patrol missions, forest fire detection, police sur-
veillance, and recovery operations. For most of these operations, it is
critical that the UAVs involved be capable of following spatial paths
with good accuracy. In this paper we define path following as the
ability to follow a 3-D path for any feasible speed profile, Motivated
by this requirement, this paper proposes a solution to the problem
of UAV path following that yields an inner—outer (dynamics—
kinematics) control structure, thus taking advantage of the autopilots
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(APs) that are normally installed on board UAVs. To this effect, a
theoretical framework is developed to augment the existing autopilot
of a UAV that is tasked to follow a specified path defined by the
particular mission at hand. The adaptive augmentation loop effec-
tively ensures that the autopilot can track the commands issued by a
properly designed outer-loop path-following algorithm. Since auto-
pilots are normally designed to provide only waypoint navigation,
the proposed framework significantly expands the span of their
applications by providing UAVs with path-following capabilities.
Pioneering work in the area of path following can be found in [1],
where an elegant solution to the problem was presented for a wheeled
robot at the kinematic level. In the setup adopted, the kinematic
model of the vehicle was derived with respect to a Frenet—Serret
frame moving along the path, playing the role of a virtual target
vehicle to be tracked by the real vehicle. The origin of the Frenet—
Serret was placed at the point on the path closest to the real vehicle.
The initial work in [1] has spurred a great deal of activity in
the literature addressing the path-following problem. A popular
approach that emerged was to solve a trajectory tracking problem and
then reparameterize the resulting feedback controller using an
independent variable other than time. See, for example, [2—4], and
references therein. Furthermore, the approach of [1] was extended to
UAVs in [5], where the authors addressed the issue of path following
of trimming trajectories and derived nonlinear path-following con-
trollers that satisfy a so-called linearization property and to autono-
mous underwater vehicles (AUVs) in [6], where a backstepping
approach was used to determine a nonlinear path-following con-
troller. The common feature of the latter papers was to reduce the
path-following problem to that of driving the kinematic errors

T"This is opposite to trajectory tracking that requires a vehicle to track a4-D
path, i.e., to be at a given point in space at a prespecified time.
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resolved in Frenet—Serret frame to zero. This approach ensures that
path following is essentially done by proper choice of the vehicle’s
attitude, a strategy that is akin to that used by pilots when they fly
airplanes. The same cannot be said of the work reported in [2—4].

The setup used in [1] was later reformulated in [7], leading to a
feedback control law that steers the dynamic model of a wheeled
robot along a desired path and overcomes some of the constraints
present in [1]. The key to this new algorithm was to add another
degree of freedom to the rate of progression of the virtual target, in
contrast with the strategy for placement of the origin of the Frenet—
Serret frame adopted in [1]. In the present paper, the algorithm
presented in [7] is extended to the 3-D case for the control of a UAV at
a kinematic level, and an adaptive augmentation loop based on £,
adaptive control theory [8,9] is introduced to deal with the UAV
dynamics and meet strict performance requirements in the presence
of plant uncertainty and external disturbances. The solution proposed
for path following departs from standard backstepping techniques in
that the final path-following control law makes explicit use of the
existing UAV autopilot, resulting in a multiloop control structure that
retains the properties of the autopilot, which is designed to stabilize
the UAV. Namely, path-following control design is first done at a
kinematic level, leading to an outer-loop controller that generates
pitch and yaw rate commands to an inner-loop controller. The latter
relies on an off-the-shelf autopilot for angular-rate command
tracking, augmented with an £, adaptive output feedback control law
that guarantees stability and performance of the complete system.
The main benefit of the £, adaptive controller is its ability to yield
fast and robust adaptation, as proven in [8,10]. Moreover, it has
analytically computable performance bounds for the system’s input
and output signals simultaneously, in addition to its guaranteed time-
delay margin [9]. The £, adaptive controller has been used to
augment existing controllers in several aircraft applications and has
been found to exhibit excellent system performance. Moreover,
unlike conventional adaptive control architectures, the £, adaptive
control methodology provides a systematic framework for the design
of nonlinear adaptive control laws, which has the potential of
reducing flight control design costs (see [11-19], for example).

The reader will find in [20,21] an extension of the framework
developed in this paper, which tackles the problem of cooperative
control of multiple UAVs executing time-critical missions. See also
[22] for preliminary work on autopilot augmentation.

The paper is organized as follows. Section II formulates the path-
following problem and describes the kinematics and dynamics of the
systems of interest. In Sec. III, the path-following problem is solved
at the kinematic level (outer-loop control). Section IV describes an
L, adaptive augmentation technique for path following that yields an
inner-loop control structure and exploits the availability of off-the-
shelf autopilots for pitch and yaw rate reference tracking. Section V
presents actual flight test results performed in Camp Roberts, CA.
Finally, Sec. VI summarizes the key results and contains the main
conclusions.

Throughout the paper, y(s) denotes the Laplace transform of the
time signal y(¢). Also, unless otherwise mentioned, || - || will be used
to denote the 2-norm of a vector.

II. Problem Formulation

This section formulates the problem of path-following control for
a (single) UAV in 3-D space. We recall that path following refers to
the problem of making a vehicle converge to and follow a desired
feasible path described by some convenient parameter (e.g., path
length). Although in general no time schedule is assigned to the path,
one may assign a desired speed profile for the vehicle to track. The
speed may itself be a function of the path parameter, time, or a
combination thereof. We notice that this approach is in contrast to
trajectory tracking, for which it has been proven in [23] that, in the
presence of unstable zero dynamics, there are fundamental perform-
ance limitations that cannot be overcome by any controller structure.

For the missions of interest, we assume that

Assumption 1: Both the given path and the desired speed profile of
the vehicle along the path satisfy boundary as well as appropriate

feasibility conditions, such as those imposed by the physical
limitations of the UAV. It is further assumed that the rate commands
required to follow the path do not result in the UAV operating outside
its normal flight envelope and do not lead to internal saturation of
the AP.

The path-following algorithm proposed in this paper relies on the
insight that a UAV can follow a given path using only its attitude
while maintaining a given speed profile. Thus, the key idea of the
proposed algorithm is to add a virtual target running along the path
and to use the vehicle’s attitude control effectors to follow this virtual
target. It is therefore natural to introduce a frame attached to this
virtual target and define a generalized error vector between this
moving coordinate system and a frame attached to the UAV. With this
setup, the path-following control problem can be reduced to driving
this generalized error vector to zero by using vehicle attitude control
effectors only. Then, as will become clear, the overall path-following
system (including the aircraft dynamics as well as the AP) can be
described by a cascade of two systems: 1) a system G, describing the
dynamics of the closed loop with the UAV and its AP; and 2) the
dynamics G, of the kinematic errors between the UAV and the virtual
target running along the path. Figure 1 shows the resulting cascaded
system. In what follows, we characterize the subsystems G, and G,
separately.

A. Path-Following Kinematic-Error Equations

In this section we introduce the error dynamics defined at a
kinematic level between a frame attached to the UAV and the frame
attached to the virtual target running along the path. Figure 2 captures
the geometry of the problem at hand. Let 7 denote an inertial frame,
and let Q be the UAV center of mass. Further, let p..({) be the path to
be followed, parameterized by its path length £, and P be an arbitrary
point on the path that plays the role of the center of mass of the virtual
target to be followed. Note that this is a different approach as
compared with the setup for path following originally proposed in
[1], where P was simply defined as the point on the path that is closest
to the vehicle. Endowing P with an extra degree of freedom is the key
to the algorithm presented in [7], which is extended in this paper to
the 3-D case.

Let F be a parallel transport frame [24,25] attached to the point P
on the path, and let T(£), N, () and N,({) be orthonormal vectors
satisfying the frame equations:

i 0 k() kKO TO
WO — k@) 0 0 || N
Q) —k({) 0 0 N,(£)

de

where the parameters k;(¢) and k,({) are related to the polar
coordinates of curvature k(£) and torsion t(£) as

k() = (KO +BO)» ) =— % (tan,l (kQ(e)))

ki (6)
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Fig. 1 Cascaded path-following error dynamics with closed-loop UAV
with AP dynamics.
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Fig. 2 Problem geometry.

We note that, unlike the Frenet—Serret frame, this moving frame is
well-defined when the path has a vanishing second derivative. The
vectors T(£), N, (£) and N,(£) define an orthonormal basis for F.
Note that the unit vector 7'(€) defines the tangent direction to the path
at the point determined by £, while N, (¢) and N, ({) define the normal
plane perpendicular to 7' (¢), and they can be used to construct the
rotation matrix RL(€) =[T(¢), N,;(£), N,({)] from F to Z.
Denote by ok, the angular velocity of F with respect to Z, resolved in
F, which is given by

of (0 =10, —ky (O, k(D] M

Also, let
i =[x, y(®. z®O] ()
be the position of the UAV center of mass Q resolved in Z, and let
pr(®) =[xp(0), ye(®). zx(]" €)

be the difference between p;(¢) and p.(t) resolved in F. Finally, let
W' denote a coordinate system defined by projecting the wind frame
W onto a local level plane. (The frame V' has its origin at Q and its
x-axis is aligned with the UAV’s velocity vector.)

Finally, let

®.(1)=[¢.(1). 0.(0. V.(O] 4

denote the set of Euler angles that locally parameterize the rotation
matrix from F to WW. In what follows, v(f) is the magnitude of the
UAV’s velocity vector, y(¢) is the flight path angle, ¥(¢) is the ground
heading angle, and ¢(¢) and r(¢) are the y-axis and z-axis compo-
nents, respectively, of the vehicle’s rotational velocity resolved in W'
frame. For the purpose of this paper and with a slight abuse of
notation, ¢(#) and r(z) will be referred to as pitch rate and yaw rate,
respectively, in the W' frame.

With the above notation, the UAV kinematic equations can be
written as

X; =vcosycosy

y; = —vcosysiny

Z;=vsiny 5)
y=q

Y =coslyr

Remark 1: Clearly, the UAV kinematic equations take a very
simple form if we use the VW' frame [see (5)]. In the next section we
will take advantage of this simplicity to derive relatively straight-
forward path-following control laws.

From

pr=r.() + Ri.pp

it follows that

é_ JYF XF
pr=RE| 0| +RE| Yr | +RE| 0f x| yr ©6)
0_ iF ZF
Using (6) and the fact that
)'CI ] )'CI v
RFly, | = R{;,R;" v | = RCV/ 0
Zr | 2 0

where Rf, and R} are the rotation matrices from W' to F and T to
W', respectively, we obtain

i) i+ 6L = ki (Oyr = kx(D)zp)
R} Y| = Vi + Lk (O)xp
2z 2p + Ly (O)xp
which yields
iy —L(1 =k (Oyr =k (D)zp) v
Yr | = _likl (O)xp + Rli;/’ 0 M
ZF —Lky (O)xp 0

Equation (7) describes the path-following kinematic position-error
dynamics of the UAV with respect to the virtual target on the path.
Consider now the Euler kinematic equation

®, = 05" (P, ®)
where

1 sing,tanf, cosg,tanb,

03'(@,)=10 cos ¢, —sing,
0 sing, cos ¢,
cos 6, cos 6,

is nonsingular for , # 47 and a)%,’  denotes the angular velocity of
W' with respect to F, resolved in W', given by

AN W
Wy p = Wy — Opy

) , . .
where o}, = RY w¥,. Equation (8) can be rewritten as

®, =05 (®,) (@}, — RY of)) )
which yields
b, ] Cky(€) cos ¥,
V] [ —L(k(0) — ky(0) tan 6, sin )
2D(t.0..9.)
[cos¢, —sing. [ ¢
+ sin ¢, cos ¢, (] O)
A7(1,)

where both D(t,0,,v¥,) and T(t,6,) are well-defined for all
0, # £5. Equation (10) describes the path-following kinematic
attitude-error dynamics of the frame attached to the UAV with respect
to the frame attached to the virtual target. Combining Egs. (7) and
(10) gives the path-following kinematic-error dynamics

ip ==L =k (Oyr = ka(D)zp) + veos b, cos Y,
V= —ékl(Z)xF + vcos 6, siny,

G §ipr= —ékz(lf)xp —vsinf,
él, = ékz(f) cos ¥, + cos¢,q —sing,r

Vo = —L(ky (0) = ky(€) tan 6, sin ) + 2 g 4 20
(1)

Note that in the kinematic-error model (11), ¢(#) and r(¢) play the
role of virtual control inputs. Notice also how the rate of progression



KAMINER ET AL 553

£(t) of the point P along the path becomes an extra variable that can
be manipulated at will.

At this point, it is convenient to formally define the state vector for
the path-following kinematic-error dynamics as

x(t) =[xp (@, yr@), zp(0), 0.(0) =80, Y.(1) = 8,(O]

where

3y(t) = Sin’l( 2 (1) ) 8y (#) = sin™! (L(Z))

lzr ()] + d, lyr()| + d,
(12)

with d, and d, being some positive constants. Notice that, instead of
the angular errors 6,(r) and v,(f), we use 0,(t) —&y(¢) and
V(1) — 8,(1), respectively, to shape the approach angles to the path.
Clearly, when the vehicle is far from the desired path the approach
angles become close to 77/2. As the vehicle comes closer to the path,
the approach angles tend to zero. The system G, is now completely
characterized by defining the vector of input signals as

y( =[q@®), r(n]"

B. Unmanned Aerial Vehicle with Autopilot

At this level, only the kinematic equations of the UAV have been
considered, for which the pitch rate () and the yaw rate r(r) are the
control inputs. Next, we consider the closed-loop dynamics of the
UAV with the AP (subsystem G ,).

Assumption 2: It is assumed that the AP was designed to stabilize
the UAV and to provide angular rate as well as airspeed tracking
capabilities.

First, we note that Assumption 1 implies that the speed profile will
be bounded above and below. Second, from this fact and from
Assumption 2, one can conclude that the UAV airspeed satisfies:

0<Upin (1) Ve, V=0 13)
Moreover, for the purpose of this paper, we will consider only the
pitch rate and yaw rate closed-loop dynamics and thus the subsystem
G, will define only the dynamics from the angular rate commands
u(t) = [q,a(2), raa(H)]7, to the respective actual UAV angular rates
y(t) = [g(1), r(£)]T. We note that other dynamics, like roll dynamics,
need not be included in this model since the key idea behind the path-
following algorithm is to take explicit advantage of the onboard AP
and use pitch rate and yaw rate commands to make the vehicle follow
the path. In this sense, it is the AP that determines the bank angle
required to track the angular-rate commands. Therefore, it is justified
to assume that

Assumption 3: The UAV roll dynamics (roll rate and bank angle)
will be bounded for bounded angular-rate commands corresponding
to the set of feasible paths considered.

We also observe that typical off-the-shelf APs are capable of
providing uniform performance across the flight envelope of small
UAVs and, for the missions of interest, which are limited to small
bank angles, can be designed to achieve satisfactory decoupling
between the longitudinal and lateral/directional channels. We,
therefore, make the reasonable assumption in this paper that the
dynamics of the closed-loop system consisting of the UAV and its AP
assume the (decoupled) form

[ 4(8) = Gy (5) (quas) + 2,(5))
gﬂ'{ H(5) = Go($)(rag(s) + 2,(5)) (14)

where G, (s), G,(s) are unknown strictly proper and stable transfer
functions for which only lower bounds dg_and dg,_ on their rela-
tive degrees are known; z,,(s), z,(s) represent the Laplace transforms
of time-varying uncertainties and disturbance signals z,(f)=

#This can be achieved by introducing coupling from bank angle to elevator
inside the AP.

fq(t.q(1) and z,(¢) = f,(¢, r(t)), respectively, while f, and f, are
unknown nonlinear maps subject to the following assumptions:

Assumption 4: There exist positive constants L, L, L,, and L
such that the inequalities

|fq(t’ql) _fq(t’ q2)| = Lq|‘1| _q2|7
|t ) = fr(tr)| < Li|ry — 1o,

q°

|fq(t7 q)' = Lq|q| + LqO
|fr([’ r)| = Lr|r| +Lr0

hold uniformly in # > 0.
Assumption 5: There exist positive constants Lgis Ly, Lgs, Ly,
L,,, and L5 such that for all > 0:

124D = Lgilg(D] + Lyplq(0)] + Lys
|Zr(t)| = Lrl |r(t)| + Lr2|r(t)| + Lr3

We note that only very limited knowledge of the feedback system
consisting of the UAV and autopilot (inner loop) is assumed at this
point. In fact, we do not require that the orders of the unknown
transfer functions G,(s) and G, (s) be known. We only assume that
these are strictly proper and stable, with a known lower bound on
their relative degrees. We nevertheless notice that the bandwidth of
the control channel of the closed-loop UAV with the autopilot is very
limited, and the model (14) is valid only for the low-frequency
approximation of G ,.

In summary, the key subsystems in the overall path-following
system (including the autopilot and the UAV dynamics) can be
described by a cascaded structure of the form

G x(1) = f(x(1) + g(x()y (1) (15)

G y(s) = Gp(s)(uls) + z(s)) (16)

where subsystem G, represents the path-following kinematic-error
dynamics between the UAV and the virtual target, and subsystem G,
models the closed-loop system of the UAV with its AP. The maps f
and g are known, whereas G ,(s) is an unknown strictly proper and
stable transfer matrix. We note that x(z) and y(f) are the only
measured outputs of this cascaded system and u(¢) is the only control
input, while z(#) models unknown time-varying uncertainties.
Finally, y(s), u(s) and z(s) denote the Laplace transformations of
y(1), u(r) and z(t), respectively.

Using the above formulation we now define the path-following
problem (PFP) to be solved in this paper as:

Definition 1 (PFP): Using Assumptions 1 through 5 and given a
desired path p,(£) to be followed, the control objective is to stabilize
x(2) in (15) by proper design of u(¢) in (16) without any modifications
to the AP.

In what follows we propose a solution to this problem that includes
two steps: 1) solving the PFP at the kinematic level; and 2) using the
solution obtained in step 1 to derive a controller for the complete
system.

III. Stabilizing Function for the Path-Following
Kinematics

The dynamics of a typical autonomous vehicle are usually repre-
sented by a system of high order nonlinear differential equations that
include vehicle dynamics and kinematics. Commercially, the pro-
blem of controlling such systems is tackled by 1) designing an inner-
loop controller to stabilize the vehicle dynamics, and 2) designing an
outer-loop controller to control vehicle kinematics. We propose to
solve the path-following problem using the same inner/outer-loop
structure. At the outer-loop level, vehicle kinematics are employed to
solve the path-following problem using vehicle attitude rates as
control inputs. At the inner-loop level, vehicle attitude rates are
tracked by the off-the-shelf autopilot augmented by the £, adaptive
loop so as to guarantee overall system stability and performance
specifications.

The derivation of the path-following control loop is done by
following a constructive approach. In this section, only the simplified
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kinematic equations of the vehicle will be addressed by taking pitch
rate and turn rate as virtual outer-loop control inputs. In particular, we
show that, in the ideal case of a point-mass UAV (obtained by
neglecting the closed-loop dynamics of the UAV with its AP), there
exist stabilizing functions for ¢(¢) and r(¢) leading to local expon-
ential stability of the origin of G, with a prescribed domain of
attraction. Figure 3 presents the kinematic closed-loop system
considered. We note that the point-mass assumption will be dropped
later in Sec. IV, and the closed-loop dynamics of the UAV with its AP
will be included in the path-following problem.

We start by assuming that the UAV speed satisfies the bounds in
(13). Also, given an arbitrary positive constant c, let ¢; and c, be
positive constants that satisfy the inequality

v 2 Je + sin*l(ci Vclci‘d) < %—6,», i=12 (7

where d;| and d, were introduced in (12), and €, and €, are positive
constants such that 0 < €; <Z,i = 1, 2. Let the rate of progression of
point P along the path be governed by

£(t) = Kyxp (1) + v(t) cos 6, (1) cos ¥, (1) (18)

where K| > 0. Then, the input vector y.(f) given by

= %0 ] = ([0 ] - pusw) a9

where T'(t, 0,) and D(t,0,,v,) were introduced in (10) and u, (1)
and u,, (t) are defined as

ug, (1) = =K (6, (1) — 84(1))

sin 0, () — sin 84(1)
0,(1) — 84(2)

iy, (1) = —K3 (Y. (1) — 6, (1))

cy sin ¥, (¢) — sin 8, (¢)
— (D) cos .0 =5

n %Zp(l)v(t) + 8,0
1

+8,(0 (o)

stabilizes the subsystem G, for any K, > 0 and K3 > 0. A formal
statement of this key result is given in the lemma below.

Lemma 1: Let the progression of point P along the path be
governed by (18). Then, for any v(¢) verifying (13), the origin of the
kinematic-error equations in (11) with the controllers ¢(f) = ¢.(?),
r(t) = r.(7) defined in (19) and (20) is exponentially stable with the
domain of attraction

c
Q= {x: Vor(x) < 5} 21
with
Ve Path Following X
Kinematics >
Ge

Path Following

Control
Algorithm

Fig. 3 Path-following closed-loop system solved at a kinematic level.

. 1
fo(x) = xTprx, pr = dlag(z_cl ’ 2—61 ’ 2_61 ’ 2—62 ’ 2_5‘2) (22)

where ¢, ¢, and ¢, were introduced in (17).

The proof is given in the Appendix. O

Remark 2: Notice that the solution to the path-following problem
assumes only that v(¢) is bounded below but is otherwise undefined.
The speed profile v(f) can therefore be seen as an extra degree of
freedom, which could be used, for example, to solve a problem of
time-critical coordination involving multiple UAVs [20,21].

Remark 3: The control law (19) and (20) produces angular-rate
commands defined in the VW’ frame. However, a typical commercial
autopilot accepts rate commands defined in body-fixed frame 3. The
coordinate transformation from W' to B is given by

RB, = RERY,

where the transformation R, is defined using the angle of attack and
the sideslip angle. For the UAVs considered in this paper, these
angles are usually small, and, therefore, it is reasonable to assume
that RS, &~ I. On the other hand, Ry}, is defined via a single rotation
around a local x-axis by an angle ¢y,. For small values of angle of
attack and sideslip angle, ¢y, can be approximated by the body-fixed
bank-angle ¢ measured by a typical autopilot. Therefore, in the final
implementation, the angular-rate commands (19) and (20) are
resolved in the body-fixed frame B using the transformation dis-
cussed here.

Thus, in the following sections we assume that both the autopilot
angular rates y(t) =[g(¢), 7(¢)]" and the commanded angular
rates y. () = [q.(f), r.(¢)]" are resolved in V. We notice that this
assumption will not affect the results since,

6@ = ye @Y 1 = 1 6:(0) = ye ()"l

IV. Path Following with £, Adaptive Augmentation

In the preceding section, we showed that for the point-mass case,
the stabilizing control laws in (19) and (20) lead to local exponential
stability of the origin of G, with a prescribed domain of attraction. In
this section, we remove the point-mass assumption and include the
UAV dynamics in the path-following problem.

Clearly, to make the UAV follow a path with a prespecified level of
accuracy, it is necessary to ensure that the UAV is capable of tracking
with desired performance specifications the angular-rate commands
generated by the outer-loop path-following controller in (19) and
(20). Conventional gain-scheduled APs can be tuned to achieve
satisfactory tracking capabilities. However, fine-tuning of such
controllers can be time consuming and very expensive. In fact, the
effort and cost in AP fine tuning can be reduced by wrapping an
adaptive augmentation loop around the AP. Inner-loop adaptive flight
control systems provide also the opportunity of improving aircraft
performance across the flight envelope in the event of control surface
failures, vehicle damage, and in the presence of environmental
disturbances.

In this section, the autopilot is first augmented with an £, adaptive
output feedback controller to ensure that the closed-loop UAV with
the autopilot tracks the commands ¢.(#) and r.(#) generated by the
path-following algorithm in the presence of unmodeled dynamics
and bounded disturbances. In particular, we derive computable
uniform performance bounds for the adaptive closed-loop system
with respect to the reference input signals. Then, these performance
bounds of the £, adaptive controller are used to prove stability of the
path-following closed-loop system taking into account the dynamics
of the UAV with its AP (see Fig. 4).

A. Definitions

To streamline the subsequent analysis, we need to recall some
basic definitions and facts from linear system theory [26].

Definition 2: (L,-norm and truncated £, ,-norm) for a signal £(7),
t>0, £E€R”, its truncated L, - and L, -norms are defined,
respectively, as:
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Fig. 4 Closed-loop cascaded system with £, adaptive augmentation.

0, = max (swp &) 1€l = max (suplei(2))

..... n

where &;(¢) is the ith component of £(¢).

Definition 3: (L,-norm of a proper linear BIBO system) the £,-
norm of a BIBO stable proper single input/single output (SISO)
system is defined as

1H), = Aw ()| dr

where h(t) is the impulse response of H(s).
Lemma 2: For a BIBO stable proper SISO system H (s) with input
u(t) and output y(r), we have

yllee = 1HO g e, Y220

B. L, Adaptive Output Feedback Controller
The main benefit of the £, adaptive controller proposed in this
paper is its ability for fast and robust adaptation, which leads to
desired transient performance for the system’s input and output
signals simultaneously, in addition to steady-state tracking. More-
over, analytically computable performance bounds can be derived for
the system output as compared with the response of a (minimum-
phase) desired model M (s), which is designed to meet the desired
specifications, to ensure that
q(s) = My (s)qc(s).  r(s) =~ M (s)r.(s) (23)
In this paper, for simplicity, we restrict ourselves to desired dynamics
described by second order systems, yielding

2 2

o 1)
M — ngq , M — nr
o) 5% 4 20,0,,5 + 0%, A(5) §2 +2¢,w,,s + @2,
wnq’ Kq’ wnr7 ;r > O (24)

Since the pitch rate and the yaw rate channels in (14) have the same
structure, we define the £, adaptive control architecture only for the
pitch rate loop. The same analysis can be applied to the yaw rate loop.

In what follows we present the recently developed £; output
feedback adaptive controller structure in [27], which was derived
specifically to deal with nonstrictly positive-real desired models such
as the ones in (24). We start by noting that the system

q(s) = G4(5)(qaa(s) + 24(5)) (25)

can be rewritten in terms of the desired system behavior, defined by
M,(s), as

q(s) = M(5)(qaa(s) + 0,(s)) (26)

where the uncertainties due to G,(s) and z,(s) are lumped in the
signal o, (s), which is defined as

— (Gq(s) - Mq(s))qad(s) + Gq(s)zq(s)

a,(5) M, () 27

The philosophy behind the £, adaptive controller proposed is to
introduce separation between adaptation and robustness. The con-
troller obtains the estimate of the uncertainties via a fast estimation
scheme and defines the control signal as the output of a low-pass
filter, which compensates for the effect of these uncertainties on the
system output within the bandwidth of the control channel. This low-
pass filter not only guarantees that the control signal stays in the low-
frequency range even in the presence of fast adaptation and large
reference inputs, but also leads to separation between adaptation and
robustness, and defines the trade-off between performance and
robustness [28]. Adaptation is based on a piecewise constant
adaptive law and uses a state predictor to update the estimate of the
uncertainties. The £, adaptive control architecture for the pitch rate
channel is represented in Fig. 5 and its elements are introduced
below:

1) State predictor: let (4,, € R, b, €R? c, €R?) be the
minimal realization of M,(s) in controllable canonical form, with
A,, being a Hurwitz matrix. Hence, (A,,,q, bmq, ch) is controllable
and observable. Therefore, the system in (26) can be rewritten as

£ (1) = A 2y (1) + by (qua(0) + 0,(0). x,(0)=0
q(1) = ¢}, x, (1) (28)
The state predictor is then given by
3g(0) = A 3y (1) + by, 4ua() + 6,0, 2,00 =0
a0 = ¢, £, (29)

where 6, (1) € R? is the vector of adaptive estimates. Notice that in
the state predictor equations &, (f) appears in an unmatched fashion
as opposed to Eq. (28).
2) Adaptive law: let P, = PqT > (0 be the solution to the algebraic
Lyapunov equation:
A,IqPq +PA,, =-0,, 0,=0;>0 30)

From the properties of P, it follows that there exists a nonsingular
matrix /P, such that

.
P,=P, VP,

Given the vector c,, (/P,)~", let D, be the (1 x 2), dimensional

nullspace of ¢, (\/P,)7",i.e.,

D, (e}, (/) ™) =0
and let A, be defined as

L, Augmentation

Tq

Control Gad System 4q
Law Gy(s)

State
Predictor —

I

Gy Adaptive

Law

Fig. 5 L, adaptive augmentation loop for pitch rate control.
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The update law for 6, (7) is defined via the adaptation sampling time
T, > 0, which can be related to the available CPU clock frequency, as

6,()=06,(Ty).  telil,,(i+ DT,

fori=0,1,2,... where d>q (T,) is an 2 x 2 matrix defined as

®,(T,) = /0 " ety TIA L de
while
1 (T)) = &1 G (iTy)
with g () being defined as g(¢) = q(¢) — q(¢), and 1, denoting the
basis vector in R? with its first element equal to one and all other

elements being zero.
3) Control law: the control signal is generated by

Cy(s)
M,(s)

qad (Y) = Cq (Y) ry (Y) - C;q (YH - Amq)ila'q (Y) (32)

where r, () is a bounded reference input signal with bounded first
and second derivatives, and C,,(s) is a strictly proper low-pass filter

with C,(0) =1 ensuring that E" ((?) C,Iq (sI— Amq)‘1 is a proper
4
transfer function.
The complete £, adaptive output feedback controller consists of
(29), (31), and (32), subject to the following stability conditions: the
design of M (s) and C,(s) must ensure that

G, ()M, (s)
H,(s) = 4 4 (33)
"9 =060 + (- €)M, ()
is stable and that the following £;-norm condition holds
”Hq(s)(] - Cq(s))||£1Lq <1 (34)

where L, was introduced in Assumption 4.

Next we avail ourselves of previous work on £, adaptive control
theory to show that if the adaptive sampling time 7 is sufficiently
small, then the closed-loop adaptive system is stable and tracks the
reference command both in transient and steady state with uniform
performance bounds that can be systematically improved by
reducing the adaptive sampling time. We refer to [27] for detailed
derivations and further details of this result.

To streamline the subsequent analysis, we need to introduce the
closed-loop reference system that the £, adaptive controller in (29),
(31), and (32) tracks both in transient and steady state. To this effect,
we consider the ideal nonadaptive version of the adaptive controller
and define the auxiliary closed-loop reference system as:

Gret(8) = My(5)(qaa,, (5) + 04, (5)) (35)
Faary (5) = Cy(5)(ry (8) = 04, (9)) (37)

Lemma 3: If C,(s) and M,(s) are designed to satisfy the
requirements in (33) and (34), then the closed-loop reference system
in (35-37) is bounded-input bounded-output (BIBO) stable.

Proof: The proof of this result can be found in [27]. O

Lemma 4: Given the closed-loop system of the plant in (25) with
the £, adaptive controller defined via (29-32), subject to the stability
requirements in (33) and (34), if

”rql”[loc = qu

then
(g = Grer)illc, = Vg 1(qad — Gua )il < vy (38)
with
fimp, =0, fim, =0
Proof: The proof of this result can be found in [27]. O

It follows from Lemma 4 that the bounds on the difference
between the input and the output signals of the closed-loop adaptive
system and the closed-loop reference system, q(f) — q.;(f) and
Gad(t) — Gaa,, (1), can be rendered arbitrarily small by reducing the
adaptive sampling time. We notice, however, that the choice of small
T, may be limited by hardware.

We note that the control law g, (¢) in the closed-loop reference
system, which is used in the analysis of £, -norm bounds, is not
implementable since its definition involves the system uncertainties.
Lemma 4 ensures that the £; adaptive controller approximates
ad,, (1) both in transient and steady state. So it is important to
understand how the performance bounds in (38) can be used for
ensuring uniform transient response with desired specifications. We
notice that the following ideal control signal g,q,, (t) = 7,(t) — 0,(?)
is the one that leads to desired system response:

qid(s) = Mq(s)rq(s) (39)

by canceling the uncertainties exactly. Thus, the reference system in
(35-37) has a different response as compared with (39). In [8],
specific design guidelines are suggested for the selection of the low-
pass filter in the control law that lead to the desired system response.
A similar reasoning can be applied in the case of the architecture
proposed in this paper.

Lemma 5: Given the £, adaptive controller defined via (29-32)
subject to the stability requirements in (33) and (34), if
lFulle, < v, (40)

lrale. < liallen <vis

and also the initial condition verifies

o 2|Pb, |

Ia0) = 7,00, 40 =y O <5 = eyt + 72,
(41)

then it follows that

A _, 20Pby, |
g=r)dle, <ve=vs+v,+ m(%qwnmq +7:,)

(42)

with

%Siinqu =0, qu(isr)rl) 1)7q =0

Proof: The proof of this result, which uses some of the derivations
and results in Lemma 4, is given in the Appendix. O

Similarly, if we implement the £, adaptive controller for the
system

r(s) = Gr(s)(rﬂd(s) + Z,»(S))
subject to
17l < s

Irllee = ves Wulle, = vi,s

and also to
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. . 2|[P,by, |
I[r(0) = r,(0), #(0) — 7, (O ]"|| < ———==Q2,0,,;, + v3,)
)\'min(Qr)
43)
it is possible to show that
Ir=r)lle, = vy (44)

with y,, > 0 being a constant similar to y,.

If we want to further reduce the bounds y, and y,,, we need to
choose a small adaptive sampling time 7', and a high bandwidth of the
low-pass filters C, (s) and C, (s). A decrease in the adaptive sampling
time T requires a higher frequency clock of the CPU, while an
increase of the bandwidth of the low-pass filter will sacrifice the
robustness of the system, as the choice of the low-pass filter defines
the trade-off between performance and robustness.

C. Path-Following Closed-Loop Dynamics

At this point, the point-mass assumption in Sec. IIl is removed and
stability of the cascaded closed-loop system with the UAV dynamics,
the £, adaptive augmentation, and the outer-loop path-following
algorithm shown in Fig. 4 is discussed. First, we show that the outer-
loop path-following commands ¢.(¢) and r.(¢) and their first and
second derivatives are bounded, which in turn allows us to prove that
the original domain of attraction for the kinematic-error equations
givenin (21) becomes a positively invariant set for the complete path-
following system. The uniform performance bounds that the £,
adaptive controller guarantees both in transient and steady state are
critical to prove this result.

Remark 4: Stability of the path-following closed-loop dynamics
with the £, augmentation loop, which is the main result of the paper,
is proven in two steps:

1) In Lemma 6, we show that if the path-following kinematic-error
vector x(7) remains within the set €2, defined in (21), for all time
7 € [0, 1], then the outer-loop path-following commands ¢, (¢) and
r.(t) and their first and second derivatives are bounded. In particular,
we first show that using the bounds on the path-following kinematic
errors, the path-following commands ¢.(7) and r.(7) are bounded
for all t € [0, #]. Then, these bounds together with the results of
Lemmas 3 and 4 are used to derive the bounds for the first and second
derivatives of ¢.(7) and r.(z) for all T € [0, 7].

2) Using the results in Lemma 6, we show in Theorem 1 that if the
initial path-following kinematic-error vector x(0) belongs to the set
2, then the outer-loop path-following controller with the £, adaptive
augmentation can be designed so that the path-following kinematic-
error vector x(¢) remains inside the set €2 for all time # > 0. The proof
of this result is done by contradiction, and requires the use of
truncated £ ,-norms (see Definition 2).

Lemma 6: If x(t) € Q for all T € [0, 7], where 2 is the closure of
the set 2, defined in (21), the initial conditions verify (41) and (43),
and moreover the design of the £, adaptive controller is such that the
results of Lemma 3 hold both for the pitch and the yaw channels, then
the outer-loop path-following commands ¢,.(t) and r.(7) and their
derivatives ¢.(7), 7.(7), §.(t), and 7.(r) are bounded, that is

”qcI”LOO = Vq(m ”f}ct”ﬁm = yi](.ﬂ |.|.é(rt||ﬁx = qu (45)
”rct”ll30 SJ/rL.’ ”rct”£3C S)/h7 ”rclnﬂm SV?(
for some positive constants y, , ¥, Vi,» Vr.» V> and ;. .

Proof: The proof is given in the Appendix. O

Next, we define uy(¢) and u,,(t) as
ug(t) q(1)
=D(,0,,v,)+T(t,0, 46
[uw)] (16, 90) + T( )[r(,) (46)

and therefore from (11), one gets
0o(1) = up(t) and (1) = uy (1) (47)

It now follows from (19) and (46) that

uoD) — g ()] _ 4(t) — 4. (1)
[uw(n —uy, (r)} =T @[ r(1) - r.(0) ] “8)

Furthermore, we define y,,, and y,, as

1
Yup =——— o+ 7y) (49)

Yug = Vo + Vs cos v,

with y, and y,, being the bounds in (42) and (44) for r,(1) = q.(1)
and r,(¢t) = r.(¢).

Theorem 1: Let the progression of point P along the path be
governed by (18). For any smooth v(#) verifying (13), if

1) The initial path-following state vector satisfies

x(0) e Q

2) The initial pitch and yaw rates verify

[q(0) —r,(0), ¢(0) —7,(0)]" <M(2C WngVi, T Vi,)
1 , ! )\'min(Qq) et K
(50)
2||P,by, |

I[r(0) = r,.(0)., #0) — 7. ()]l < O A )

(D

)‘min(Qr)

where y; , v;.» Vi, and y; were introduced in (45).
3) T, is chosen to be sufficiently small, while M, (s), C,(s), M, (s),
and C,(s) are designed to verify

A/ CCy )"min (pr)
—+ < _— 2
Vi yuq, -2 )‘max(PPf) (5 )

where P was introduced in (22), O,y is given by

T K VUmin COS Vi Ymin K> K3
pr—dlag(m’ Adrd)’ GWd+d)’ o’ o (53)

and y,, and y,,, were defined in (49), then x(t) € Qforall t > 0, that
is

Ver(x(2)) < % V=0 (54)

and thus the complete closed-loop cascaded system is ultimately
bounded.

Proof: The proof is given in the Appendix. O

Remark 5: We notice that the above stability proofis different from
common backstepping-type analysis for cascaded systems. The
advantage of the above structure for the feedback design is that it
retains the properties of the autopilot, which is designed to stabilize
the UAV. As a result, it leads to ultimate boundedness instead of
asymptotic stability.

V. Flight Test Results

This section presents flight test results for the real-time implem-
entation of the path-following control system with the £, adaptive
augmentation loop shown in Fig. 4. These results demonstrate the
applicability of the path-following control architecture developed in
this paper to small UAVs, and illustrate the benefits of the proposed
framework. In particular, the flight tests show significant improve-
ment in path-following performance when a commercial AP is
augmented with an £, adaptive controller. The discussion in this
section also gives practical insight into the process of tuning the £, -
augmented control system.

The path-following control algorithm with the £; augmentation
was implemented on an experimental UAV Rascal operated by NPS,
and thoroughly tested in hardware in the loop (HIL) simulations and
in numerous flights at Camp Roberts, CA. The payload bay of the
aircraft was used to house the Piccolo Plus autopilot and a PC104
embedded computer running the algorithms in real-time at 100 Hz,
while communicating with the autopilot over a full duplex serial link
at 20 Hz. The main command and control link of the autopilot [29] is
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not used in the experiment but preserved for safety reasons. Instead,
the onboard avionics were augmented with a wireless mesh
communication link to allow for real-time control, tuning, and
performance monitoring of the developed software. In particular, this
link is used to (bidirectionally) exchange telemetry data in real time
between the autopilot and the ground station. The content includes
positional, velocity, acceleration, and rates data of the standard
telemetry and control messages of the Piccolo communication
protocol. The experimental setup is shown in Fig. 6. The main benefit
of this configuration relies on two primary facts. First, the control
code resides onboard and directly communicates with the inner-loop
controller therefore eliminating any communications delays and
dropouts. Second, both the HIL architecture and the actual flight
setup, including any possible online modification of the control
system parameters, are identical. This allows for a seamless transition
from the simulation environment to the flight tests. More details on
the architecture of the developed flight test system and its current
applications can be found in [30].

The actual implementation of the path-following controller with
the £, augmentation loop is practically the same as the one shown in
Figs. 4 and 5 except for the fact that two logical switches were added
to allow for separate tuning of the outer-loop path-following control
algorithm and the £, adaptive augmentation loop.

Tuning of the control system parameters is done in HIL and
consists of four key sequential steps: 1) adjustment of the AP gains so
as to guarantee required tracking performance of the (manually)
issued angular-rate commands while operating in the low angle of
attack and sideslip angle range, 2) system identification (SID)
experiment, which provides estimates of the maximum allowable
body rates and limits on the bandwidths of M(s) and C(s) for each
control channel, 3) tuning of the outer-loop kinematic controller, and
4) tuning of the £, adaptive augmentation.

The SID experiment consists of the identification of the UAV
dynamics in response to a predefined set of doublet commands in the
lateral and the longitudinal channels. Typically, a sequence of
symmetric aileron (rudder) and elevator (throttle) doublets for the
lateral and longitudinal channels, respectively, is executed. A new
capability of the Piccolo Plus autopilot allowed for data sampling in
SID experiment at 100 Hz, covering the range of natural frequencies
of the small UAV.

Next, the parameters of the path-following kinematic algorithm
defined in (19) and (20) are adjusted, and performance of the nominal
system (without the £, augmentation) is evaluated in HIL simul-
ations. This step uses the same rules of conventional PID tuning. The
main criteria considered are the path-following errors and the
angular-rate tracking errors.
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Then, the same flight conditions, outer-loop kinematic algorithm,
and AP gains are used to tune the £, adaptive augmentation. Initial
guesses of the adaptation sampling time 7', and the bandwidths of
M(s) and C(s) can be estimated based on the following consid-
erations: the bandwidth of each control loop of the AP was suggested
by the SID experiment, resulting, for example, in an initial filter
bandwidth of 0.6 ! for the turn-rate channel, while the desired
system M(s) was chosen to be slightly slower than C(s), with a
bandwidth of 0.5 %. The lower bound on the adaptation sampling
time T, = é s was estimated based on the results in [27], using
T, = ﬁ s for the implementation. Taking these values as a starting
point, the tuning of the £, adaptive controller was done in two steps
by analyzing the internal signals of the augmentation system: the
estimation error (¢), the adaptive estimate G(¢), and the £, contrib-
ution to the control signal. For the chosen adaptation sampling time
T, = ﬁ s, the tuning of the reference system M(s) minimizes the
estimation error and results in a high-frequency limited-amplitude
adaptive estimate. At the second step, the bandwidth of the low-pass
filter C(s) in the control law (32) was gradually adjusted to achieve
the desired tracking performance, effectively suppressing the high-
frequency oscillations in the control signal and providing robust
tracking. After a series of HIL simulations, the following parameters
of the £, controller were obtained:

_ 0.552 Cs) = 062 5
~ s2+20.95 0.555 + 0.552° T 54062545
T,=0.01s

M(s)

It is important to note also that, unlike conventional adaptive con-
trollers, the systematic design procedures of the £, adaptive control
theory significantly reduce the tuning effort required to achieve
desired closed-loop performance, which in turn facilitates the transi-
tion of the path-following control architecture from the simulation
environment to real flight tests.

In the remaining of the section, we present some of the flight test
results obtained at Camp Roberts, CA. First, however, we need to
introduce and provide some details about the procedure followed
during the flight experiment. Initially, while the UAV is flying in
conventional waypoint navigation mode, a switch request is sent
from the ground station to the UAV over a wireless link. Together
with this request, the desired final conditions (Fin.C.) for the path and
the control parameters for the outer-loop path-following controller
and the £, augmentation loop are also transmitted to the UAV. Upon
receipt of this initialization signal, the UAV states are captured as
initial path conditions (I.C.), which, along with the Fin.C., provide

Failure Mode

Wireless Mesh
Piccolo Pilot Simulink Dgta Log,
Console RTW Display &
Model Config

Fig. 6 Avionics architecture.
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boundary conditions for the path generation algorithm. After the path
is (locally) generated, the UAV starts operating in path-following
mode, and from that moment on, it tracks the path until it arrives at the
final point, upon which it can be either automatically stopped,
transferring the UAV to the standard AP control mode, or new final
conditions can be automatically specified allowing for the experi-
ment to be continued. While in flight, the onboard system contin-
uously logs and transmits UAV telemetry and controller data to the
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ground, which is essential for real-time monitoring of the control
system.

Flight test results showing the applicability of the developed
control architecture, and comparing the performance of the path-
following algorithm with and without £, adaptation are shown in
Fig. 7. The flight test data include the 2-D projection of the
commanded and actual paths, the commanded r.(f) and measured
r(t) turn-rate responses, and the path tracking errors y(¢) and z;(7)
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Fig. 7 Fight Test. Path-following performance with and without £, adaptive augmentation.
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Fig. 8 HIL. Task execution time: negligible increase in CPU load.

resolved in the parallel transport frame. In these experiments, the
speed command was fixed at 25 T, and the bank angle was limited to
25 deg, which results in about 0.2 % turn-rate capability that in fact
enables tracking of much more aggressive paths (with radii of
curvature up to 136 m) than the one presented in the figure. Results
show that the UAV is able to follow the path, keeping the path-
following tracking errors reasonably small during the whole experi-
ment. The plots also show improved path-following performance
when the £, augmentation loop is enabled. On the one hand, the
nominal outer-loop path-following controller exhibits significant
oscillatory behavior, with rate commands going up to 0.35 rad/s and
with maximum path tracking errors around 18 m. On the other hand,
when the £, augmentation loop is active, the rate commands do not
exceed 0.15 rad/s, which results, in turn, in less than 8 m of path
tracking errors. Therefore, the presence of fast adaptation improves
the angular-rate tracking capabilities of the inner-loop controller,
which results in improved path-following capabilities with reduced
oscillations. At this point it is important to note that the adaptive
controller does not introduce any high-frequency content into the
commanded turn-rate signal, as it can be seen by comparing Figs. 7c
and 7d. In fact, the oscillations present in both the control signal and
the actual turn rate are due to turbulence, and one can see that the
amplitude of these oscillations is similar in both figures. Also, there
should not be any confusion with the data presented in the plots:
while the time scale of the flight experiments is measured in tens of
seconds, the data sampling rate is high (20 Hz). As a result, the
oscillations due to turbulence might give the impression that the
signals, in particular the control commands, have high-frequency
content, which is not the case.

In addition to these flight test results, we have analyzed in HIL
simulation the computational complexity of the algorithms devel-
oped. Figure 8 shows the computational load required to implement
in real-time 1) the outer-loop path-following controller, and 2) the
same outer-loop controller with the £; augmentation loop. The
parameter chosen to represent the computational load is an average
task execution time (TET), which is the time required to execute the
entire control code during one base sample interval (ﬁ s). The
control code was implemented onboard of an MSM900BEV
industrial PC104 computer using xPC/RTW target®¥ development
environment. This figure highlights two important points: first, the
average TET (~0.001 s) is an order of magnitude less than the base
sampling time of the real-time code (0.01 s), which implies that the
sampling time T’ of the real-time code implementation was chosen
quite conservatively and could be reduced to improve the closed-loop
performance; and second, the difference in the required CPU load

$Advanced digital logic (ADL) | PC104+ : AMD geode LX900 CPU
500 MHz-MSMO900BEV.

#MxPCTarget—perform real-time rapid prototyping and hardware-in-the-
loop simulation using PC hardware—simulink. Data available at http:/
www.mathworks.com/products/xpctarget/.

when the adaptive controller is enabled or disabled is negligible (an
additional 0.052% with respect to the nominal controller), which
suggests its easy implementation in any application.

Finally, we note that the achieved functionality of a small UAV
following 3-D curves in inertial space has never been available for
airplanes equipped with traditional autopilots designed to provide
waypoint navigation only. This fact alone significantly extends the
range of possible applications of (small) UAVs. The £, augmentation
loop is introduced to improve the stability robustness and perform-
ance of the vehicle in the presence of uncertainties, control surface
failures, structural damage, and environmental disturbances. More-
over, the performance bounds that the £, adaptive controller guar-
antees are critical to prove stability of the overall path-following
closed-loop system.

VI. Conclusions

A novel solution was presented to the problem of path-following
control of UAVs. The solution proposed leads to an inner-outer
control structure that exploits the availability of commercial auto-
pilots for angular-rate command tracking. The theoretical framework
adopted relies on a nonlinear control strategy derived at a kinematic
level for path following in 3-D space, along with an £, adaptive
output feedback controller augmenting the existing autopilot. The £,
adaptive augmentation strategy was introduced to meet strict
performance requirements in the presence of modeling uncertainties
and environmental disturbances, effectively allowing to cope with
the UAV and autopilot dynamics. The adopted architecture outper-
forms the functionality of the conventional waypoint navigation
method, enabling a UAV with an off-the-shelf autopilot to follow a
predetermined path that it was not otherwise designed to follow. Both
theoretical and practical aspects of the problem were addressed.
Flight test results showed the effectiveness of the framework adopted
for UAV path following.

Appendix: Proofs
Proof of Lemma 1: 1If q(t) = q.(t) and r(t) = r.(1), it is easy to
check from (11) and (19) that
0o()) =ug (. V(1) = uy ()

Then, it follows from (11) and (18) and the path-following control
laws in (19) and (20) that

Ve =22 (=01 = ki @y — ka(O)zp) + veos b, cos )
1
+ E (ke (0)xp + veos B, sin ) + 2 (—fky(€)xp
Cy C1

0,—36 X . — 0y
9(“90 —50)+w !
2 2

—wvsinb,) + (uy, — Sx//)

_ —xF(é —vcosf,cosy,)

N yrvcos,siny, zpvsinb,

Cy Cy Cy

K K s
Koy s By, gy N sinG)
cy c

€1
vy cos 0,(sin ¥, —siné,,)
€1
thus leading to
. K K K
Vor = =3 =2 (0, = 8" = (Y. = 6,)°
c ¢y )

4 vypsindy, cost, vzpsinéy

Cy Cy

Using the definition of the shaping functions 84(¢) and 8, (¢) in (12)
yields
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. K K K
fo = __lx%‘ - _2(93 - 89)2 - _3(1//e - 81//)2
C1 () C
vz vy% cos 0,

ozl +d)  e(lyel + dy)

and therefore
V pf (X) =—x' prx

with

T K vcosf, v K, K3
pr - dlag( Cll *oallyrl+d)” alzrl+d)’ e o ) (Al

Letting d = ,/cc|, where c and c¢; were introduced in (17), we note
that over the compact set €2 the following upper bounds hold

yr(®| <d, lzr(H)| < d

d
10,()| < Jec; + 184(1)] < Jec3 + sin™! (d = dl) =, <g

lxr()] < d.

Wﬂﬂ<ﬁﬁ+mm»«@a+mqefz)=w<g

(A2)
Next, it follows from (Al) and (A2) that Q,; > pr, where
=~ . K Uyin COS V Umin K K
Op=ding(f 22 imm. ©.08) @A)

Since pr > (0 and
fo(x) < —xTprx, V>0

x(t) converges exponentially to zero for all the initial conditions
inside the compact set €2. It then follows from the definitions in (12)
that both 6,(f) and §,(¢) converge exponentially to zero, and,
therefore, 6, () and ¥, (¢) also converge exponentially to zero, which
completes the proof. O

Proof of Lemma 5: 1f the first bound in (40) holds, then Lemmas 3
and 4 ensure that

”(q - qref)t”ﬁ(,c = Yq (A4)
with
%}glqu =0 (AS)

Also, from the definition of the closed-loop reference system in
(35-37) and the desired system response in (39) it follows that

Grer (8) = Gia(s) = (Hy(5)Cy(s) — My (5))ry(s)
+ H,(s)(1 = Cy(5))z,(s)
and therefore we have the following upper bound
(Grer — qia)ille, = [1H(5)Cols) = My ()2, vs,
+ 1H () (1 = CoD e, zgelle.,
Assumption 4, together with the results of Lemmas 3 and 4, leads to

”Hq(s)cq(s)”QJ/rq + ”Hq(s)(l - Cq(s))||£|qu
1—[Hy ()1 = Cy()lg, Ly

+yq) +Lq0équ <00

n%mxsu(

and hence it follows that

1(qrer = Gl < 74 2 1H (), (5) = My(9)l ., v,
+[1H,(5)(1 = C, ()., B, (A6)

From the definition of H,(s) in (33), we have

lim H,(s)C,(s) = M, (s)

Cy(s)—1

and therefore we can conclude that

lim j, = A
cim Vs 0 (A7)

Finally, letting ¢, (7) be defined as
eg(0) =[r, (1) = yu(®). 7 (1) = Gua(D)]"
it follows from the desired response in (39) that
é,()= Am,, e (7) + bmq(fq(r) + 28,0,,7,(7)
Consider now the Lyapunov function candidate
V. (e, (1)) = ] ()P e, (1)

where P, was introduced in (30). Then,

V., (1) = —ej (D)Pe (1) + Ze;(r)qumq (P, (1) + 28,0,,7,(1))
which leads to the following upper bound:

V(@) = =huin(Q@lle, (D> + 2l e (D [1Py b, 117, (1)
+ 28,0,,7,(7)] (A8)

Then, if the bounds on the first and second derivatives of the reference
signal r,(¢) in (40) hold and the initial condition verifies (41), it is
easy to check that

2/[P,b,, |

e, (DI < m()’n + 28,040v:,), VY TE€[0,1]

which implies that

_20P,b
(rg = qia):llc, < m vy, + 28,0u4¥:,)

Consequently, it follows from the bounds in (A4), (A6), and (A8)
that a straightforward upper bound for r,(f) — ¢(t) is given by

2|P,b,, I

EU72 Y (7/74 + 2§qwnqyiq)

”(rq - q)t”Lx = yq + V_q + )"min(Qq)

This bound, together with the limiting relations (AS5) and (A7),
proves the claim in the Lemma. O

Proof of Lemma 6: Letd = ,/cc,. Werecall from Lemma I that, if
x(t) € Q for all T € [0, #], then one finds that

el =d  Pyr@l=d |zr(@| =d
@ =vi (Dl =n (A9)

and also that
6. (7) — 8g(D)| = /cea,

which hold for any 7 € [0, #].

From the feasibility of the path we can conclude that both &, ({)
and k, (€), as well as their partial derivatives with respect to the path
length £, are bounded. Then, it follows from (13) and (A9) that the

rate of progression é(t) in (18) can be bounded as

V(1) =8y (D] = e, (AlO)

M(T)' E Kld + Umax



562 KAMINER ET AL

From (11) it follows that Xz (¢), y(¢) and z(¢) are also bounded by

|xF(T)| = (Kld + Umax)(l + (klmax + k2max)d) + Umax
ny(r)| = (Kld + Umax)klmaxd + Umax
|ZF(T)| = (Kld + Umax)kZmaxd + Umax

while ée(r) and 1/}e(t) can be bounded as

10,(0)] < (Kyd + V) max + 1g(0)] + [7(D)]

|WE(I)| = (Kld + Umax)(klmax + kZmax tan 1)l) + |q(r)| + |r(t)|
cosV;  COsV;
where k| ., and k; ., are the maximum values of |k, (£)| and |k, (€)|
along the path, respectively. Furthermore, dbe(r) can be bounded as
an affine function of the roll rate | p(7)|, the pitch rate |g(7)|, and the
yaw rate |r(7)| as

¢, ()] < |p(0)] + tan v, |g(7)| + tan v, |[r(7)| + ky,

for all 7 € [0, 7] and some positive constant k, . .
With the above results next we prove that if x(7) € Q for all
7 € [0, 7], then the outer-loop path-following commands ¢.(t) and
r.(t) are bounded for all 7 € [0, 7]. To this effect, we expand the
kinematic control law (19) as
q=cos ¢, (ug, — ékz(ﬁ) cos yr,) + sin ¢, cos 0, (uy, + é(kl )
— ky(€)tan 6, sinyr,)) (Al1)

re = —sing,(ug, — ékz (£) cos ) + cos ¢, cos 0, (uy, + (’:(kl )
—k,({)tan b, sinyr,)) (A12)

where we have used the fact that

T-1(1,6,) = [ cosg,  sing, cos 96]

—sing, cos¢,cosb,

It is now required to show that all the terms in (A11) and (A12) are
bounded.

To show that u, _(t), which was introduced in (20), is bounded, we
first determine the time derivative of 84(7), which is given by

LA 7 zp >0
8, /1,(:[’_’71"{1')2 (zpdy)
6= 1 diip
—F——— v r< 0
[ (—zp+d))?
and because
—d ZF d

1

— 1< < < <
d+d, " |zpl +dy T d+d,

and z,(¢) is bounded, one can conclude that the time derivative of
84(7) is bounded for all T € [0, #]. Also, it is easy to check that
. .. ZF
lim §g = lim §, ==
7p—0" o zp—=>07 o dl

Furthermore, the term $2%=5"% j5 4150 bounded because
0,8
e

. sinf, —sinéy )
lim ———— = lim cosf, = cos §,
0,8 0,— 0 0,—3

It follows from the results above that u,_(7) is uniformly bounded
for all 7 €[0,]. Similarly, it can be proven that u, (z) is also
uniformly bounded for all 7 € [0, 7], and therefore all the terms in
(All) and (A12) are bounded, which implies that the outer-loop
path-following commands ¢.(t) and r.(7) are bounded. This result
holds for all = € [0, #], and one can state that, as long as x(7) € €2, the
following bounds hold:

”qct”£DC = yq(v ”rct”[lDo = er (A13)

where y, and y, are some positive constants.

Next, we prove that the time derivatives of the outer-loop path-
following commands g, (t) and 7.(t) are also bounded. From (A11)
and (A12), simple manipulations yield

Ge = =, sing, (ug, — Lky(€) cos )
+ cos ¢, (1, — Zkz () cosyr, — ¢ k'z (€) cos ¥,
+ Lk (O)Y, sin ) + (¢, cos ¢, cos b,
— 8, sing, sin 8,) (uy, + Lk, (£) — k() tan 6, sin y7,))
+ sing, cos 6, (uv + £(k, (£) — ky(€) tan 0, sin v,
1 2
) s

cos 0,

+ é(/&l () — k,(0) tan 6, sin ¥, — éekz(ﬁ)(

— 4, k,(£) tan 0, cos We)) (A14)
and

Fo = . cos g, (g, — Ehy(£) cos )
— sing, (i, — Ekz ) cosy, — ‘ 152 () cos yr,
+ Eky (DY, sin ) — (, sin g, cos 6,
+ 0, cos ¢, sin6,) (uy, + Lk, (€) — ky(£) tan 6, sin ¥,))

+ cos ¢, cos 0, (uv, + Z(kl ) — ky(¢)tan 6, sin y,)

+ Z(/&l (€) — ky(£) tan 6, sin ¥, — 6,k,(£) (#)2 sinvy,

cosf,

— fﬁekz(ﬁ) tan 6, cos we)) (A15)

First we notice that the time derivative of the rate of progression
£(1) can be bounded by an affine function of the pitch rate ¢(7) and the

yaw rate r(t). To prove this we determine the time derivative of é(z‘),
which is given by

(= K xp 4+ vcos 6, cos v, — vée sin 6, cos ¥,
— vy, cos 6, siny,
Again, since the AP is designed to stabilize the UAV, and the thrust
and its rate of variation are limited, we can assume that the rate of

variation of the UAV speed v(7) is bounded. Therefore, for all
T € [0, 1] the following bound holds:

()| < kanlg(@)] + ko |r()] + ke

where kg, k¢, and k3 are some positive constants.

Moreover, it can be proven that both #ty_(7) and #,, (7) can also be
bounded by affine functions of the pitch rate |¢(7)| and the yaw rate
|r(7)]. In fact, from (20) it follows that

o in0, — sind
iy = —K(6, — 8y) L& Z'Fvw
¢ Cy 93_89

n ,sin@e—sin89+ d (sinf, —sinéy 4§
VT T, T e, s, o

where
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d (sin 6, — sind,

dr 9e - 89
(B, cos 6, — 8505 8,)(0, — 84) — (sin 0, — sin 85) (6, — &)
B (0. — 800

Then, since

. d (sinf, —sinéy 1 . .
tm (G (M =5)) = 3o

this term can also be bounded by an affine function of |g(7)| and
|r(7)|. Finally, we can determine an expression for 64(7):

T U (e e el + 4

|zrl+d

d2
= EE)
do* \|zp| + 4,

dz
4 ( ¥ ) _ ) Giay w>0
dr \|zp| + d, hie zp <0

(—zr+d))?

where

and

diip(zp+di)—2d, 22
@ F Gray . w>0
-\ 7 g = 5 (—z7 52
dz2 |ZF| +d, diZp(—zp+d))+2d,2;

ortd))? 2 <0

From (11) we can derive the following expression for the second-
time derivative of zp

7= —lky(O)xp — bky(€)xp — Chy(€)xp — Dsin 6, — 6,v cos 6,

which turns out to be a function of £(z) and 6, (7), and therefore it can
also be bounded by an affine function of |g(t)| and |r(7)|. This
proves the bound on ity (7). The bound on it,, () can be derived in a
similar way. Hence, we have that ¢.(7) can be bounded by an affine
function of |p(7)|, |¢(7)|, and |r()|. Similarly, we can prove that
7.(7) can also be bounded by an affine function of |p(7)|, |¢(7)|, and
|r(t)|. Therefore,

19D = kgt [P(D] + k2lg(D)] + koa| (D] + kga

. (A16)
|rv(r)| = kr1|[)(f)| + kr2|q(r)| + kr3|r(T)| + kr4

forall T € [0, #] and for some positive constants &, k5, k.3, k4, k
ko, k3, and k4.

Using Lemmas 3 and 4 and the bounds in (A13), one can conclude
that, forany t € [0, #], the £, control signals ¢,q(7) and r,q(7) as well
as the pitch rate ¢(r) and the yaw rate r(t), can be bounded as

follows:

ql> g2s Rg3s Ngds Nrls

|qad(T)| = kqﬂdlyq,. + klhdz’
|q(T)| = nglyq( + ]quv

|ri\d(‘[)| = krudlyr,. + krudz
(@] < kv, + ko (A17)

where k, 1, kg .05 k15 k05 kg1s kgos kip, and k,, are positive
constants that can be analytically computed using the derivations
in [27].

Finally, since the £, control signals ¢,4(7) and r,4(7) are bounded
[see (A17)], the AP guarantees that both the bank angle ¢(7) and the
roll rate p(t) are bounded (Assumption 3). Then, it follows from
(A16) and (A17) that the derivatives of the commanded reference
signals ¢.(f) and r.(f) are also bounded for all t € [0,7], and
therefore, as long as x(7) € €2, the bounds

lGedllz, < i, el < s,

apply for some positive constants y, and y; .

Similar derivations can be used to show that, as long as x(t) € Q,
the second derivatives of the commanded reference signals ¢, (¢) and
r.(t) are also bounded for all T € [0, 7], i.e.,

lGelle, = Var  NFalle, = v,

for some positive constants y; and y; . O
Proof of Theorem 1: Using the same Lyapunov function candidate
as in (22), it follows that

|6 — 8l

e
C

e

i - =&y
fo < —XTprx + |u6 - ué‘(»| + c B |u¢ - u‘/h'
2

(A18)

where Q,; was defined in (33), and we have taken into consideration
the errors between uy(¢) and ug (¢), and u,(f) and u, (¢) (or
equivalently between ¢(¢) and ¢.(t), and r(¢) and r.(¢)). Next we will
show that, under the conditions of the Theorem, the terms |6, — &,
lug — ug, |, |V, — 8yl, and |u,, — u,, | are bounded, and the original
domain of attraction for the kinematic-error equations given in (21)
becomes a positively invariant set for the path-following closed-loop
dynamics.

Extending the proofin [31], we prove this Theorem by contradic-
tion. Since x(0) € €2, and V(¢) is continuous and differentiable, if
(54) is not true, then there exists a time ¢ such that
c c
> vV 1el0,7), V() = 3 (A19)

V(1) <
which implies
V() 20 (A20)

It follows from Lemma 6 that the commanded reference signals
q.(7) and r.(7) and their first and second derivatives are bounded for
allt €[0,7], ie.,

”é(rt/ ||[’:>o = Yi.

e llc, < v

”q.zrt’ ”.Coo = Yies

lFerllc, < i

”qﬁt“”ﬁc,o = Yaor

(A21)
Ireellc. < ¥es

Therefore, from this result and the bounds on the initial conditions
in (50) and (51), it follows that the bounds in (42) and (44) in
Lemma 5 hold with r (1) = q.(t), r.(t) = r.(t), and for any
7 € [0, 7]. As a consequence

@g—gqdellc, =ve  Nr—rIdelle, = vy (A22)
Next, using (48), it follows that
Ug — MHL, = COos ¢e(q - qL‘) — sin ¢e(r - r(‘)

__sing, cos @,
o= My = os 0, (@—q0) + cos 6, (r=re)

and hence, from the bounds in (A22), we have that
(g — ug) el < Vay Iy —uydelle, v, — (A23)

withy,, and y,, defined in (49). Moreover, it follows from (A19) that
for any t € [0, '] the following bounds apply:

10.(0) = 86(D)] = Jeca. (D) =8y (D] = Jeer  (A24)

Therefore, Eqs. (A18), (A23), and (A24) imply
. - c
V) = =T (O0ux)+ [0, + )

Since

> )‘min(pr)

XT(T)QPfX(T) - )‘max(pr)

Ve(7), Y1=0
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where Amin(épf)_ and A, (Ppf) are the minimum and the maximum
eigenvalues of Q¢ and P, respectively, it follows from (A19) that,
in particular, at time ¢ we have

N ) / )‘min(é )
X (1) Qpex(7) z—km(,{;g

Then, the design constraint in (52) leads to
V() <0

which contradicts (A20), and thus (54) holds for all # > 0. The upper
bound in (54) implies that the bounds in (A2) hold for all > 0, thus
concluding the proof. O
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